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'. 1 Introduction. 

• Consider the sequence of the random processes 



X 



Xn{x) = ^(^"^^ -xbn, xG[0,l], nGN (1) 



where — > cxd as n — > oo, F = V{x), x € [0,oo) is a Levy process and a„, € R. In 
^ \ this paper we solve the question of approximation a-stable processes by Levy processes of 

' type dH). 

• In Section 2 we prove the criterion of convergence of sequence Levy processes Vn 

in distribution in the Skorohod space -D[0, 1] (Theorem 1). As a corollary we obtain a 
OO ' theorem of the convergence in distribution of compound Poisson processes. This corollary 

. can be used from approximation the Levy process by random sums with the Poisson index 

\ summation. 

In Section 3 we introduce conditions for the process V under which the sequence 
converges in distribution in D[Q, 1] to a a-stable Levy process Y^, Q < a < 2 (Theorem 
2) and conditions for process V under which converges in distribution in -D[0, 1] to a 
' Wiener random process W (Theorem 4). In particular we consider = n^/" and specify 

conditions for the process V under which X„ converges in distribution to 1^, < a < 2 
(Theorem 3). 

In Section 4 it proved almost sure versions of the limit theorems from Section 3. We 
describe the sequences {sn) such that the sequence of measures 

1 " 1 

Q"H = i^Efc'^x,(t)H, nelN (2) 
fc=i 

where 5x denotes the measure of unit mass, concentrated in the point x, converges weakly 
to a distribution of Ya or W in -D[0, 1] for almost all w G f]. 

The proofs of our results are based on the criterion for integral type almost sure version 
of a limit theorem which was obtained in Chuprunov and Fazekas [4]. 
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2 Functional limit theorems. 



We will denote by — > the convergence in distribution, by = the equality in distribution, 
by (j)^ the characteristic function of the random variable ^. We will suppose X]ie0 — 0- 

Recall, that V{t)^ i > is a Levy process if Vifi) = and 1^ is a homogeneous stochas- 
tically continuous random process with independent increments, such that it's trajectories 
belong to the Skorohod space. In the paper we will denote by the same symbols the 
random process and the random element corresponding to this random process. 

Using the Levy's representation (see [5], sect. 18) we can assume that the characteristic 
function of the Levy process V = F(7, o", L, R) is 

<^y(t) (x) = E (e^-^W) = V (t, X, L{y), R{y), a, 7) = exp [itxj- 



+ t 



ixy 



dL{y)+ / [e'-y-l 



ixy 



dR{y) 



X G R 

Here L{y) is (left-continuous and) non-decreasing on (— oo,0) with L(— 00) = and 
R{y) is (right-continuous and) non-decreasing on (0, 00) with R{oo) = and 

y'^dL{y) + y'^dR{y) < +00 for all e > 0. (3) 

Not bounded the community, we can assume 7 = and we will denote V{a,L,R) = 
V{0,a,L,R). 

The main result of the section is the following theorem. 

Theorem 1. Let Vn = Vn{(Jn, Ln, Rn)i V = ^(c, L,i?) be Levy processes. Then 



in D[0, 1] if and only if 



Vr, ^ V as n ^ 00 



^n(l) — > ^(1) n — > 00. 



(4) 
(5) 



Proof. The proof of the necessity is evident. We will prove the sufficiency. By 
Theorem 2, sect. 19 in [5], dS]) implies 



and 



Lniy) L{y), Rn{y) R{y), as n ^ 00 

lim lim < / u^dLniu) + ai + j u^dRniu) \ = 
lim lim < / dLniu) + a'i + I u^dRniu)} = a"^ . 

e^Q n-^co Jo J 



Therefore by Theorem 2 of sect. 19 in [5] K(t) ^ V{t) as n — > cx) for all t € [0, 1]. 
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Let < to < *i < ••• < tn < 1- Introduce the notation AVni = Vn{ti) — Vn{ti-i) and 
AVi = V{ti) — V{ti^i). Since AVni, 1 < i < k are independent random variables and 

AVfii — > AVi as n — > oo, we have: 

(AKi, AVnk) ^ {AVi, AVk) as n ^ oo. 

Consequently, the finite dimensional distributions of Vn converge to the finite dimensional 
distributions of V. 

By Theorem 1 in [11] (p. 229), it's sufficiently to demonstrate that for all e > 

lim Tk^T sup P{\Vnit') - Vn{t")\ > e}. (6) 

By Theorem 4 in [12] the set of measures in D[0, 1], corresponding to the processes Vn 
is relatively compact. Then by Theorem 1 in [12] we obtain Q. Proof is completed. 

Let z G N, be independent identically distributed random variables for all n € N, 

7r(t) is a Poisson random process with the intensity 1, ^ni and 7r(t) are independent. We 
will consider the Levy processes 

7r{t) 

4 = 1 

and 

At) 

V'{t) = J2^i, tG[0,l]. (8) 

i=l 

Such processes are called the compound processes. 

Corollary 1. Let V^ and V' be defined 6y Q, (Q. Suppose that 

ini -^6 as n ^ oo. (9) 

Then we have 

Vn^V' asn^oo (10) 

in D[{),1]. 

Proof. Observe that ([9]) implies 

"^^ni (^) ~^ (^) as n ^ oo for all x € R,. 

Since 

<Pv^ii)ix) = exp {(/-^^i (x) - 1}, X G R 

and 

0^/(1) (x) = exp{(j)^{x) - 1}, X G R, 

we have 

'Pv^{i)i^) ~^ 'Pv'{i)i^) as n — > oo for all x G R. 

Consequantly, 

V^{1) 4 V'{1) as n ^ oo 
and we can apply Theorem 1. Proof is completed. 
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Consider now the random processes 

7r(fc„t) 

Vn{t)= E ^nu iG[0,l], A;„GN, n G N. (11) 

i=l 

Corollary 2. Let be defined by ([12]) ■ Suppose that 

fen 

'^(.ni ^ 7 o-s n ^ oo, (12) 
where 7 is an infinitely divisible random variable. Then one has 



V" ^V" as 00 (13) 

in D[0, 1], where V"(t), t > is a Levy process such that V"{1) = 7. 
Proof. The convergence (|12p imphes, that for all x € R 

4>^kn c (x) (t>^{x) as n ^ 00. 

The characteristic function of V,^{\) is 

0y^'(i)(a;) = exp{A;„((/>5„j(a;) - 1)}, x G R. 

Observe, that 

kn\^<Pi„,{x) = kn\n{l - (1 - (x))) = ((/'5„,(x) - l)fc„ + kno{(l)i„,{x) - 1). 
Therefore 

(/)y^/(i)(x) —5- (/)y//(i)(x) as n — > 00 for all x € R. 

Consequantly, 

y^'(l) ^ F"(l) as n ^ 00 
and we can apply Theorem 1. Proof is completed. 

3 The convergence to a-stable processes. 

Let < a < 2. 

Consider the conditions: 

L{-y)/\R{y)\ ^ ci/c2, as (14) 

L{~y) + \R{y)\ 



x", as y — > 00 , (15) 



L{-yx) + \R{yx)\ 

where ci, C2 > 0, ci + C2 > are valid. 

By Theorem 2, sect. 35 in [5], the conditions p4p . (|15p imply that an infinitely divisible 
random variable with functions L{y) and R{y) in Levy's representation of it's charac- 
teristic function belongs to the domain of attraction of the Q-stable law having Levy's 



4 



representation La{y) = Ra{y) = Than it exists a^, Sn such that s„, ^ oo 

as n ^ oo and 

for ah y < SnLianV) — > 1—;—, as n — > oo, for all y > SnRianV) as n ^ oo. 

(16) 

Consider the sequence of the random processes 

X^{t) = y^^-tbn, tG[0,l], new, (17) 

where Sn, a„ € R are defined by conditions ()16p and 

/•o z^(l-a^) /■+°° z^{l-aD 

^" = (l + ^2)(l+';2^2)^^"Man^) + (l+z2^(l+l2z2^dSnR{anZ). (18) 

Denote Ya = V{0, t^)- Then Ya is a a-stable process (0 < a < 2). Now we can 
formulate the next theorem of convergence to a a-stable Levy processes. 

Theorem 2. Let ^14\ ) and il5\) be valid, s„ and an be satisfy (ji6]) . Xn be defined by 
JTtD , 6ri &e defined in (TM and a = 0. Then we have 

Xn Ya, as n ^ OO 

in D[0,1]. 

Proof. The characteristic function of Xn is 



1 + 2// "/V 1 + y 

L V— oo 

Then 



J (^"' - 1 - if^) + / - 1 - yf^) ^(^ni?(a„y)) 



X„(l) ^ Ya{l) 

as n ^ oo, and by Theorem 1 we obtain the affirmation of theorem. Proof is completed. 
Consider the functions 

L{x) = {ci + ai{x))j^, x<0, (19) 

R{x) = (C2 + a2{x))^, x>0, (20) 
where ai(x) and a2{x) are the functions such that 

lim ai{x) = lim 02(2;) = 0. (21) 

a;— >— 00 x— >+oo 

By Theorem 5, sect. 35 in [5], the infinity divisible random variable 7 belongs to the 
domain of normal attraction of the a-stable low if and only if the functions L(x) and R{x) 
in Levy representation of its characteristic function are (jl9p and (j20p . relatively. 

Then 

foranx<0 nL{n^^'^x) ^ for all x > ni?(n^/"x) ^ as n ^ 00. (22) 



5 



Consider the sequence of the random processes 

^n(^) = -^-*^n' ^e[0,l],ne]N, (23) 

where 

Then the next theorem is vahd 

Theorem 3. Let X'^ be defined by l\23^ . bn be defined by l \24\) and a = 0. Then the 
conditions (f7g|) . (fgOj) . (fglj) imply the convergence 

X'^ Ya, OS n —> oo (25) 

m Z?[0, 1]. 

Proof. The characteristic function of is 

oo 



= exp 
Then 



/ [e-y - 1 - dnL(nV"y) + J (e^y - 1 - ^) dni?(nV",) 

-oo > 



X(i)^>^«(i) 



as n — > oo, and by Theorem 1 we obtain (j25p . Proof is completed. 
Let now a = 2. Consider the condition 



{j:^dL{y)+J;^^dRiy) 
S'^^yHL{y) + yHR{y) 



as X ^ oo. (26) 



By Theorem 1, sect. 35 in [5], the condition (j26p is vahd if and only if an infinitely 
divisible random variable 7 with functions L{y) and R{y) in Levy's representation of it 
characteristic function belongs to the domain of attraction of Gaussian law having Levy's 
representation -(/'(t, x, 0, 0, aiy )• Then exists a„, s„ such that s„, a„ — >■ 00 as n — > 00 and 

for all y < SnL{any) — > 0, for all y > SnR{any) — > 0, (27) 
lim lim < / u^dsnLianu) -\ — + / u^dsnRionu) > = 

1 lim 1 / u'^dsnL{anu) + + [ U^dSnRiOnU)} = a^r. (28) 



lim 



Consider the sequence of the random processes 

X^{t) = y^^-tbn, te[0,l], nGN, (29) 
Oft 

where Sn, € R are defined by conditions ([?7|) . ([^5|) and 

_ /-o z3(l - al) f+00 z^l-al) 

" loo (1 + Z^)il + alz^) ^""^^""^^ (1 + ^2)(l + „2^2) dSnR[anZ) 
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(30) 



Theorem 4. Let an, Sn be satisfied [27\), [2s\) and Xn be defined by [29\). bn be defined 
by (E^. Then the condition (26^ implies 

Xn -i awW, as n ^ oo, 

mL>[0,l] ■ 

Proof. The characteristic function of Xn{t) is: 



^x^{t){x) = exp 



a 



+t { / (e'"^ - 1 



)dsnL{any) + / (e^^^ - 1 - -^)dsnR{any) 



l + y 



Then 



Xn{l) ^ CJwW{l) 



as n — > OO. Then by Theorem 1 

Proof is completed. 

Consider the random processes 



Xn awW. 



Xt{x) 



Vjtx) 



xg{t), X G [0,1], t G (0,oo), 



(31) 



ait) 



vHfit? - 1) 



f{t){i + v^)if{tr + v^ 



-dtL{fit)v) + 



vHfitr - 1) 



/(t)(l + t;2)(/(t)2 + t,2) 



dtR{f{t)v) 



(32) 



4 Almost sure versions. 



Now we win consider the sequence of measures Qn{(jj)-, defined in ([2]) and connected with 
the random processes Xn-, defined in ([1]) with the condition for sequence s„: 



(A) for some /? > the sequence is increasing as n — > oo. 



Let Ya is a a-stable random process (0 < a < 2). We wih denote by ^ the weak 
convergence of measures, by /i^ the distribution of the random element Ya and by p{x, y) 
the usual metric in Z)[0, 1], with which Z)[0, 1] is a separable complete space. 

Let are independent identically distributed random variables. Consider the sums 
Sn = Y^\=i ini- Below we will used the next lemma: 

Lemma 1. Let S be an infinitely divisible random variable such that 



bn ^ o as n ^ OO. 



(33) 
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Then for all C > the next conditions are valid: 

Ci = sup KP{\^nl\ >C}< +00, 
neN 

C2 = sup knE{^nlI{\i;i\<C}) < 
nGN 

C3 = sup knD{^rilI{\^„-,\<C}) < +00, 
neN 

Proof. By Theorem 1, sect. 23 in [5], the convergence ([33]) imphes that 

sup KE < +00. 

nGN i + t.nl 

Observe, that 

sup knP{\Cnl\ >C}= sup knEI{i^^^i>c} = SUp ^ E r'2 h\^ni\>C} 
neN neN neN yi + O ^ 

< sup k^^^E < +00; 

neN \l+?nl/ 

By Theorem 2 in [13] (p. 373), 

sup knE{^rilI{\^„i\<C}) < +00; 
neN 

sup knD (Cnl/{|5„i|<C}) < sup knE^l^I{\i:^^\^c} = 
neN ^ ' neN 

= sup A;„(l + [^JL^^/^i^^^i^^^'j < sup k^{l + (t%2-] < + 

neN yi + O J „gN \J^ + ?nl/ 

The proof is completed. 

Theorem 5. Let (A) be valid and Xn —^Ya as n ^ 00. Then it holds 



< 



00. 



Qnil^) ^ IJ-a (34) 



as n ^ 00 for almost all oj in -D[0, 1]. 
Proof. Let < I < k and 



Xikit) 



bkt 0<t<f- 
Xkit) - ^ ^ < t < 1 



Then Xik and Xi are independent random processes. 

It's clear, that D[0, 1] is a complete separable space in the metric 

po{x,y)= ^^y^ x,yeD[0,l]. 
l + p{x,y) 



We will consider the metric 



pi(x,y) = min{ sup \x{t) - y{t)\,l}. 

0<t<l 
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Observe, that 



We will show that 



piix,y) > po{x,y), X, y e D[0,1]. 



Epi{Xk,Xki)<C 



k 



(35) 



Since V{t) is a random process with independent increments, 



i=l 



where = V (ff^) ~ ^ ( ^'^n; independent identically distributed random variables. 

Let rifc G N such that ^ < and it exists A G [0, 1] such that 



•n-k 



i=l 



We have 



1 I 1 

^min<j — XI i?»^{l«>l>ifc}l'l \ ^ niETQ.m.{—\ii\I{\^^\>a,,}A} < niP{\ii\ > Ofc} 



^n»P{l&l>a.}<C.(l)''<C.(l)\ 



and 



i?min ■ 



ak 



m\<ak} 



1=1 



Emm{—\J2CiIm\<ak} - E^ihm<ak} + ^^ih\^^\<ak}l'^} ^ 



1=1 



where Ci, C2, C3 are defined in Lemma 1. 

Then, using the moment inequality from [8], sect. 5, p. 231 we obtain 



Epi{Xk,Xik) = E mini sup \Xk - Xik\,l} = E mini sup j ^*^^^^) |, 1 > < 

o<t<i I o<t<^ 

— "k 



AE min 



|^,l| = 4i.mm{i-|i:ai}< 



1 



1 



4Emm{-\Y^C^Im\^a,}\^}+^Emin{-\Y^Cam^\^^^^^^ . 

Then by Lemma 1 from [2], this and Theorems 2-4 imply the convergence p4p . The 
proof is completed. 
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